, SEEIEY [6] ). Using the theory of singular integral operators they make good progress on the analysis but rapidly get involved with difficult questions of algebraic topology. In [4~! on which this talk is based, these topological aspects of the problem are dealt with, and we obtain finally an explicit formula for the index on compact manifolds. 1 . Preliminaries on K(X) .
We recall (cf. [3] ) that, for a finite complex X and subcomplex Y ~ we have the Grothendieck group K(X , Y) . This may be defined as the set of homotopy classes of maps where BU is the classifying space of the "infinite" unitary group ! U = lim U(n) . where, on the right, we use the K(X)-module structure of K~X ~ Y~ .
The proof of ~(1.1) is elementary but lengthy and will be omitted. Essentially it provides us with a "Grothendieck-type" definition of the relative group K(X , Y) . (1.2) is an easy consequence of (~.1).
S bols of differential operators.
Let X be a corapact oriented smooth (i. e. infinitely differentiable) manifold of dimension n ~ let E ~ F be smooth complex vector bundles on X and denote by r(E) , r(F) the spaces of smooth sections. Let d : r(E)... r(F) be a linear differential operator of order k ~ i. e. a linear. operator given locally by a matrix of partial derivatives of order $ k with smooth coefficents. is an isomorphism on the complement To of the zero-section of T* .
More generally we shall consider a complex of operators, i. e. a sequence of differential operators (all of the same order (1)) with d = 0 . The symbol 03C3(~) will be the sequence on T*(X)
The complex ~ is elliptic if is exact on T*(X) .
Suppose now that X has a Riemannian metric and let B(X) , S(X) denote the unit ball and unit sphere bundles of T*(X) . Then the symbol 0(&#x26;) of an elliptic complex defines an element (still denoted by o(~) ) of L(B(X) , S(X)) .
Using the homomorphism of (1.1) and the Thom isomorphism we shall define a cohomological invariant ch6 by If ~ has only two ter~ns' i. ee if we are dealing with an elliptic operator d : r(E) ~ r(F) I we write ch d for ch &#x26; .
For applications it is importnnt to be able to calculate ch &#x26; . This can be done if X has a G-structure and o(~) is as s ociated to the G-structure ( G being a compact Lie group). This means that we are given : a principal G-bundle P over X, a real oriented G-raodule V, an isomorphism (2) weights of the real G-module V and we use the Borel-Hirzebruch method of describing the cohomology of B~..
Proof. -By considering the bundle over BG with fibre V* :
is the Euler classe of this bundle.
In another direction one can also prove
Froof. -By considering the real projective space bundle associated to S(V*) .
3. The main theorems.
(3.1). PROPOSITION 
Inte ral o erators.
We discuss first elliptic operators in a Hilbert-space framework. Introducing metrics we consider the Hilbert-space d(E) of square-integrable sections of E . We denote by the subspace of Lz(E) consisting of all u such that M. F. ATIYAH du E L2(1) for all d E Diffk(E , 1) = r Diffk(E , 1) (where 1 is the trivial bundle X x.C and du is taken in the distribution sense). If D E Diff'k(E , F) we denote by D the extension of D to an operator
Then the main facts about elliptic differential operators (on compact manifolds) may be summarized as follows : Remarks.
a. These results are not unfortunately, to be found in this form in the literature, mainly because P. D. E. experts do not like manifolds, bundles, etc. However, they are easily, deduced from what is available in published form. t4.4~. If T is Fredholm and is sufficiently small then T~ is Fredholm and index T= index T' .
From these it follows that : I~~n(X ; Q) is an isomorphism compatible with products [3] and since S(X~ ; p) is a free H*(X ; Q)-module with generator 03A6*(1) , it is only necessary to check that ch Xo = E~*(1) with e a unit of H*(X ; Q). (5.1), (5. 3) and (5.4) together establish the index theorem (4.2) for evendi m ensional X . The odd case follows by considering X x S1.
Final remarks. 1° There should be a generalization of (3.2) which will yield the Grothendieck-Riemann-Roch theorem. 2° Theorem (3.3) should hold also, on a manifold X with boundary ~X , for an elliptic operator D with "well-posed" boundary conditions B . One can (with much work!) define an invariant ch(D , B) E 6X ; ã nd it seems that the same formula for the index holds.
